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The model and motivations



Directed configuration model (DCM)

1 2 3

DCM with degrees ((1, 2), (3, 2), (1, 1))

Let [𝑛] = {1, … , 𝑛}. Let d𝑛 = ((𝑑−
1 , 𝑑+

1 ), … , (𝑑−
𝑛 , 𝑑+

𝑛 )) ∈ ℕ𝑛×2

denote a degree sequence with

𝑚 ≔ ∑
𝑣∈[𝑛]

𝑑−
𝑣 = ∑

𝑣∈[𝑛]
𝑑+

𝑣 .

The DCM, denoted by 𝐺𝑛, is a random directed multi-graph
(digraph) on [𝑛] generated by:

1. Assigning 𝑑−
𝑣 tails and 𝑑+

𝑣 heads to vertex 𝑣 ∈ [𝑛].
2. Pairing tails and heads uniformly at random.
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Why DCM?

Real-world networks are often directed, e.g.,   .

Degree distribution is a fundamental property of networks.

Degrees of autonomous systems on the Internet

DCM covers simpler models such as 𝐷𝑛,𝑝, 𝑘-out regular, etc.
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Simple random walk (SRW) on digraphs

The walker follows an out-edge uniformly at random.

Example of a doing SRW
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Simple random walk (SRW) on digraphs

The simple random walk (𝑋𝑡)𝑡≥0 on a digraph 𝐺 is the Markov
chain with transition probability

ℙ (𝑋𝑡 = 𝑣 ∣ 𝑋𝑡−1 = 𝑢) ≕ 𝑝𝑢,𝑣 = 𝑚(𝑢, 𝑣)
𝑑+𝑢

,

where 𝑚(𝑢, 𝑣) is the number of arcs from 𝑢 to 𝑣.

A stationary distribution 𝜋 for this walk is a probability
measure on the vertices which satisfies

𝜋 = 𝜋𝑃 , where 𝑃 = (𝑝𝑢,𝑣)𝑢,𝑣∈[𝑛].

If there is an attractive strongly connected component (SCC) in
𝐺, then 𝜋 is unique, and

lim
𝑡→∞

∥𝜋, 𝑋𝑡∥TV = 0

regardless of 𝑋0.
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Simple random walk (SRW) on
Directed configuration model (DCM)



SRW on DCM

Two level of randomness:

1. First sample 𝐺𝑛 1 2 3 .

2. The perform SRW .

Our aim is to study 𝜋, the (random) stationary distribution of
this SRW.
Lemma 1 (Cai and Perarnau, 2020b)
If min𝑣∈[𝑛] 𝑑+

𝑣 ≥ 2, then with high probability (whp) there is an
attractive SCC, i.e., 𝜋 is unique.

We will assume that

1. min𝑣 𝑑+
𝑣 ≥ 2 – for attractiveness;

2. max 𝑑+
𝑣 ≤ 𝐾 – easier for computation;

3. ∑𝑣∈[𝑛](𝑑−
𝑣 )2+𝜂 = 𝑂(𝑛).
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The stationary distribution

In an undirected graph with 𝑚 edges, 𝜋(𝑣) = 𝑑𝑣
𝑚 .

In a directed graph with 𝑚 arcs, we may guess

𝜋(𝑣) ≈ 𝜇in(𝑣) ≔ 𝑑−
𝑣

𝑚 .

This is not completely true –

Large in-degree small 𝜋 Small in-degree large 𝜋
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Example of 𝜋 ≠ 𝜇∈

In-degrees
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Example of 𝜋 ≠ 𝜇∈

Stationary values
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Typical stationary values

Let 𝜓𝑛 be the empirical distribution defined by

𝜓𝑛 = 1
𝑛 ∑

𝑣∈[𝑛]
𝛿𝑛𝜋(𝑣),

where 𝛿𝑥 is the Dirac distribution at 𝑥.

Theorem 2 (Bordenave, Caputo, and Salez, 2018; Cai, Caputo,
et al., 2021)
There exist deterministic laws (ℒ𝑛)𝑛≥0 such that

𝒲1(𝜓𝑛, ℒ𝑛) ℙ⟶ 0,

where 𝒲1 denotes the 1-Wasserstein distance.
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Extremal stationary values

We are interested in

1. 𝜋max ≔ max𝑣 𝜋(𝑣), and
2. the upper tail of 𝜓𝑛, i.e.,

𝜓𝑛(𝑛𝑎, ∞) = 1
𝑛 ∑

𝑣∈[𝑛]
1[𝑛𝜋(𝑣) > 𝑛𝑎].

Motivation: If 𝜋 measures influences of vertices, how
popular is the most popular vertex ?

For the minimal stationary values , see Caputo and
Quattropani (2020) and Cai and Perarnau (2020a).

10



Extremal stationary values

We are interested in

1. 𝜋max ≔ max𝑣 𝜋(𝑣), and
2. the upper tail of 𝜓𝑛, i.e.,

𝜓𝑛(𝑛𝑎, ∞) = 1
𝑛 ∑

𝑣∈[𝑛]
1[𝑛𝜋(𝑣) > 𝑛𝑎].

Motivation: If 𝜋 measures influences of vertices, how
popular is the most popular vertex ?

For the minimal stationary values , see Caputo and
Quattropani (2020) and Cai and Perarnau (2020a).

10



𝜋max – when degrees are bounded

Theorem 3 (Caputo and Quattropani, 2020)
Assume that

𝛿± ≔ min
𝑣

𝑑±
𝑣 ≥ 2, and Δ± ≔ max

𝑣
𝑑±

𝑣 = 𝑂(1).

Then whp,
𝑛𝜋max = 𝑂 (log1−𝜅0 𝑛) ,

where 𝜅0 ≔ log 𝛿+/ log Δ−.
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𝜋max – when degrees are bounded

So the theorem says 𝜋max has an logarithmic deviation from

max
𝑣∈[𝑛]

𝜇in(𝑣) = Δ−

𝑚 = Θ ( 1
𝑛) .

The stationary value is maximized when there are many easy
paths  to a vertex.

πmax

Where the deviation is from Δ− = 3, 𝛿+ = 2

If there are linearly many nodes with degrees (Δ−, 𝛿+), then

𝑛𝜋max = Θ(log1−𝜅0 𝑛).
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𝜋max – when in-degrees are unbounded

Theorem 4 (Cai, Caputo, et al., 2021)
Whp,

(1 + 𝑜(1))Δ−

𝑚 ≤ 𝜋max ≤ 𝑂 (log(𝑛)Δ−

𝑚 ) .

These bounds are tight

• Examples with 𝜋max = (log 𝑛)1−𝑜(1) Δ−
𝑚 (Caputo and

Quattropani, 2020).
• When one vertex has an outstandingly large in-degree

and everyone else have a small (constant) in-degree,
then 𝜋max = (1 + 𝑜(1))Δ−

𝑚 (Cai, Caputo, et al., 2021).
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PageRank surfing on Directed
configuration model (DCM)



PageRank surfing on digraphs

With probability 1 − 𝛼, the surfer does one step of SRW.

With probability 𝛼, the surfer jumps to a uniform random
vertex.

Example of a PageRank surfing
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PageRank surfing on digraphs

The PageRank surfing (𝑋𝛼,𝑡)𝑡≥0 on a digraph is the Markov
chain with transition probability

ℙ (𝑋𝛼,𝑡 = 𝑣 ∣ 𝑋𝛼,𝑡−1 = 𝑢) = (1 − 𝛼)𝑝𝑢,𝑣 + 𝛼 1
𝑛,

where 𝑝𝑢,𝑣 is the probability to go from 𝑢 to 𝑣 in a SRW.

SRW can be seen as PageRank surfing with 𝛼 = 0.

For 𝛼 > 0, there always a unique stationary distribution 𝜋𝛼
(PageRank scores), which can be used to measure the
“influences” of vertices (Page et al., 1999).

This is the initial idea behind .
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“influences” of vertices (Page et al., 1999).

This is the initial idea behind .
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Power-law (PL) of empirical distributions

An empirical distribution

𝜇𝑛 = 1
𝑛 ∑

𝑣∈[𝑛]
𝛿𝑥𝑣

has a power-law (PL) behaviour with index 𝜅 if for all 𝑎 ∈ (0, 1
𝜅),

𝜇𝑛(𝑛𝑎, ∞) = 1
𝑛 ∑

𝑣∈[𝑛]
1[𝑥𝑣 > 𝑛𝑎] = 𝑛−𝑎𝜅+𝑜(1).

If 𝑥𝑣 are integers, then

𝑁𝑘 ≔ 1
𝑛 ∑

𝑣∈[𝑛]
1[𝑥𝑣 = 𝑘]

= 𝜇𝑛[𝑘 − 1, ∞) − 𝜇𝑛[𝑘, ∞) = 𝑘−(𝜅+1)+𝑜(1).
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The power-law hypothesis (PLH) of PageRank

Define empirical distributions for in-degrees

𝜙𝑛 = 1
𝑛 ∑

𝑣∈[𝑛]
𝛿𝑑−𝑣

,

and PageRank scores

𝜓𝛼,𝑛 = 1
𝑛 ∑

𝑣∈[𝑛]
𝛿𝑛𝜋𝛼(𝑣).

The PLH
If the in-degrees 𝜙𝑛 has a PL with index 𝜅, then the PageRank
scores 𝜓𝛼,𝑛 also has a PL with index 𝜅.
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The satisfies power-law hypothesis (PLH)

Number of incoming links of has a PL
with index 𝜅 = 1.1 (Donato et al., 2004)

PageRank of also has a PL with index
𝜅 = 1.1 (Donato et al., 2004)

18



PLH is true for DCM

Chen, Litvak, and Olvera-Cravioto (2017) and Olvera-Cravioto
(2019) showed that 𝜓𝛼,𝑛 has a limit distribution which has a PL
with index 𝜅 if in-degrees has a PL 𝜅.

Theorem 5 (Cai, Caputo, et al., 2021)
If 𝜙𝑛 has a PL with index 𝜅 > 2, then 𝜓𝑛 has a PL with index 𝜅.
This also holds for 𝜓𝛼,𝑛.

PLH is only partially true in directed preferential
attachment (Banerjee and Olvera-Cravioto, 2021).
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Open problem



Closing the gap

We have shown that whp,

(1 − 𝑜(1))Δ−

𝑚 ≤ 𝜋max ≤ 𝑂 (log(𝑛)Δ−

𝑚 ) .

Question: What condition is needed to close the gap?

Guess: In-degrees with PL.

1000 3000 5000 7000 9000 11000
n

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Simulation for out-degree 2 and in-degrees with 𝜅 = 5/2
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Relax conditions

Photo by Quang Nguyen Vinh from
Pexels

We have assumed
1. min𝑣 𝑑+

𝑣 ≥ 2;
2. max 𝑑+

𝑣 ≤ 𝐾 ;
3. ∑(𝑑−

𝑣 )2+𝜂 = 𝑂(𝑛).

Can we

1. Drop condition 2?
2. Relax condition 1 for SRW?
3. Drop condition 1 for PageRank?
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Thanks! Questions

Guillem’s talk on the same topic.
21

https://youtu.be/GQFeTD22DI4
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